We consider massless higher-order gravities in general D = d + 1 dimensions, which are Einstein gravity extended with higher-order curvature invariants in such a way that the linearized spectrum around the AdS vacua involves only the massless graviton. We derive the covariant holographic two-point functions and find that they have a universal structure.
Introduction
Since it was proposed decades ago, the AdS/CFT correspondence [1] has been widely employed to deal with strongly coupled conformal field theories (CFT) by studying their dual classical anti-de Sitter (AdS) gravities. For instance, arising from the holographic renormalization procedure [2] [3] [4] , the AdS/CFT correspondence provides a more manageable approach to compute n-point functions [5] [6] [7] [8] [9] [10] . The basic idea of the AdS/CFT correspondence is the field-operator duality [6] , which states that any field φ defined in the bulk has the corresponding gauge invariant operator O φ defined in the boundary. The boundary value φ 0 of φ is identified as the source coupled to the operator, and furthermore the partition function of the boundary CFT d is identified with the on-shell action of AdS d+1 gravities [5, 6] 
With this identification, the n-point functions of the operator O φ of the CFT d can be computed by evaluating the on-shell action of the gravity theories:
In pure gravities, the only available field is the metric, and the corresponding operator is the energy-momentum tensor of the boundary CFT. The corresponding two-point functions in Einstein gravities in general dimensions were previously obtained [9] .
In this paper, we consider Einstein gravity in D = d + 1 dimensions, extended with higher-order curvature invariants. Quadratically-extended gravity was shown to be renormalizable in four dimensions, but the theory contains additional massive scalar and ghostlike massive spin-2 modes [11] . There exists a critical point in the parameter space such that the massive spin-2 modes become log modes [12, 13] . The covariant two-point functions in four-dimensional critical gravity were obtained in [14] . Analogous two-point functions in four-dimensional conformal gravity were also obtained in [15] .
In this paper, we shall focus on higher-order gravities whose linearized spectrum around the AdS vacuum contains only the (massless) graviton. In other words, we consider special classes of the higher-order curvature invariants such that the massive scalar and spin-2 modes are decoupled from the linearized theory around the AdS vacuum. Such combinations include the well-known Gauss-Bonnet and the more general Lovelock series [16] . In fact, if we consider only Riemann curvature polynomials, then the linearized spectrum on the AdS vacuum contains at most an additional massive scalar and/or a massive spin-2 mode, the decoupling of these two modes requires only two linear constraints on the coupling constants. (A comprehensive discussion in this context can be found in [17] [18] [19] .) For the quadratic Riemann invariants, these two constraints lead to the Gauss-Bonnet combination.
For cubic Riemann invariants, which have a total of eight independent structures, the constraints lead to a six-parameter family of combinations, including the cubic Lovelock terms. If one considers only Ricci polynomials, the resulting theory is quasi-topological in that the linearized theory around the AdS vacuum is identical to that of pure Einstein gravity [20] . We refer all these theories to "massless higher-order gravities." The subject has attracted considerable attention and many massless higher-order gravities were constructed in literature [21] [22] [23] [24] [25] [26] .
In this paper, we compute covariant holographic two-point functions in massless higherorder gravities. We follow the method of [14, 15] , developed for four dimensions. We generalize to general D = d+1 dimensions and obtain explicit covariant two-point functions
for the boundary energy-momentum tensor. The results can be written compactly as 3) where N 2 , given by section 2.3, is a numerical constant depending only on d. The boundary spacetime tensor I ijkl (x) is defined by
where x i 's are the cartesian coordinates of the boundary Minkowski spacetime η ij . The structure matches the results of CFT [28] [29] [30] , and also matches the results of Einstein gravity [9] and Gauss-Bonnet gravity [31] . In literature, the overall coefficient N 2 C T is denoted as C T . In this paper, we strip off the inessential (in the current context,) universal numerical constant N 2 from C T and focus on the dimensionful quantity C T instead.
The coefficient C T depends on the detail of the theory; however, for massless higher-order gravities, we find that there is a universal expression relating C T to the a-charge:
where a is the coefficient of the Euler density in the holographic conformal anomaly, and is typically referred to as the a-charge. (See, e.g. [33] [34] [35] [36] [37] .) The parameter ℓ is the radius of the AdS vacuum. It is important to emphasize that the a-charge in (1.5) must be expressed in terms of ℓ and the bare coupling constants of the higher-order curvature invariants as independent parameters, with the bare cosmological constant Λ 0 solved in terms of these quantities by the equations of motion, as was done in [32] . This way of expressing the a-charge is different from those in literature (e.g. [31] ) where the bare cosmological constant is typically an explicit parameter in the expression. It is also worth pointing out that the inessential and universal numerical dependence on π and d were stripped off from our definitions of C T and the a-charge so that the relation (1.5) is simple.
Even though the concept of anomaly makes sense only in odd bulk D dimensions, the central charge a can be nevertheless defined in general dimensions [32, 38, 39] . We verify the expression (1.5) for Einstein gravity, quasi-topological Ricci polynomial gravities [20] , Einstein-Gauss-Bonnet gravity, and more general Lovelock gravities [16] and furthermore
Einstein-cubic gravities [32] .
The paper is organized as follows. In section 2, we solve the full linear massless graviton perturbations around the AdS vacuum of flat Minkowski boundary in general dimensions.
We give a well-defined basis to express the solutions covariantly and compactly. Under the basis we adopt, we obtain the covariant and universal structure of two-point functions in general dimensions. We find Einstein gravity and general quasi-topological Ricci polynomial gravities satisfy the relation (1.5) directly. In section 3, we study Einstein gravity extended with the Gauss-Bonnet term. We perform the Fefferman-Graham (FG) expansion of the flat AdS boundary to obtain the one-point function, and read off C T in two-point functions.
We demonstrate that (1.5) is valid. In section 4, we consider general Einstein-Lovelock gravities. We obtain C T , calculate the holographic a-charge and show that (1.5) is indeed satisfied. In section 5, we repeat the verification for the general Einstein-Riemann cubic gravities where the massive modes are decoupled. We conclude the paper in section 6. In appendix A, we exhibit the details of the asymptotic behavior of the linear perturbative solutions.
2 The Covariant Structure of Two-Point Functions
The holographic dictionary
We begin with a brief review of how to compute the two-point function based on the holographic dictionary. We assume that our gravity theory admits an AdS vacuum with radius ℓ. Furthermore, we restrict ourselves to consider the AdS spacetime with the flat boundary throughout this paper. The metrics of the asymptotic AdS in D = d + 1 dimensions take the form
In this coordinate system, the AdS boundary is located at r → ∞. At the asymptotic region, the FG expansion of g ij is
for theories with only the massless graviton modes. The leading g
ij is interpreted as the source of the boundary CFT in the context of the holographic dictionary [4] , and the twopoint function can be obtained, as by (1.2),
Therefore, for the purpose of computing the two-point functions, we shall first obtain the one-point function of the holographic energy-momentum tensor. It turns out to be [40] T
where T ij (h) is the Brown-York energy-momentum tensor associated with the embedding boundary metric h ij
The holographic dictionary [4] then gives us
For example, the one-point function of pure Einstein gravity is given by [40, 41] 
Thus the computation of the two-point function (2.3) now involves the evaluation of the quantity δg
In other words, the main task is to determine how the response mode g
ij depends on the source g (0) ij around the AdS vacuum. In order to obtain the result covariantly, we closely follow the method developed in [14, 15] for D = 4 dimensions. We generalize the method to general D = d + 1 dimensions and obtain the complete linear perturbations around the AdS backgrounds, and then rewrite solutions in terms of the metric basis covariantly and compactly. This enables us to read off (2.8) explicitly.
Linear perturbations and graviton modes

Transverse-traceless modes
In order to evaluate (2.8), we start with the pure AdS background with the Minkowski boundary, i.e. h ij = r 2 η ij in (2.1). We turn on the perturbationĥ ij = r 2 f ij so that the metric is
In this paper, we consider Einstein gravity extended with higher-order curvature invariants.
The linear spectrum in general contains massive scalar and spin-2 modes, in addition to the usual massless graviton. We shall restrict ourselves to consider theories where these additional modes are decoupled and only the graviton survives. These theories were referred to as massless higher-order gravities in the introduction. The decoupling of the ghostlike massive spin-2 modes is clearly necessary for a healthy theory; it was shown that it is also necessary for the massive scalar modes to be decoupled in order for the theory to have a holographic a-theorem [32] . For massless higher-order gravities, the linearized equations of motion around the AdS vacuum is simply of the graviton mode. For simplicity, we restrict ourselves to the transverse-traceless gauge, in which the perturbation satisfies the conditions
The linearized equation is then given by
where κ eff is given by
The first term comes from Einstein gravity where the Newton's constant is set to unity, and the ellipses denote the the contributions from the higher-order curvature invariants. The Laplacian in (2.11) is defined with respect to the pure AdS background. Explicitly, we have r 2 ℓ 2ĥ
where is the Laplacian with respect to the flat Minkowski metric η ij . The equation can be solved completely by separation of variableŝ
For convenience, we first consider the time-like modes and we choose p i = Eδ t i . The solutions are
where J and Y are the first and second kind Bessel functions respectively and (c a ij , c b ij ) are integration constants. Thus we see that the perturbative functions f ij can be expanded as
In this context, we have
Note that the terms in the first ellipses of (2.16), which are absent in (2.2), are due to the fact that the boundary metric becomes no longer flat with the perturbations.
The quantity (2.8) is not yet well defined for general integration constants c a ij and c b ij . One needs to impose further an in-falling boundary condition at the Poincare horizon r → 0,
Approaching to r → 0, the Bessel functions J and Y have the following asymptotic behaviors
we therefore must impose
The solutions with the right boundary and gauge conditions (2.10) are
where H is the first kind Hankel function. It is clear that we have a total of (d − 2)(d + 1)/2 independent physical modes under the transverse-traceless gauge.
PBH transformation -all modes
We obtained the ( to obtain the covariant two-point functions. The missing modes are pure gauge and can be generated by the PBH transformation, which refers to a particular diffeomorphism that remains within the FG coordinates [35] 
The ansatz for PBH transformation is given by
To avoid ambiguity, we denoteĩ as the space-like indices on the boundary, i.e i = (t,ĩ). The PBH equations in (2.22) thus implŷ
These equations can be solved explicitly: for the Minkowski metric:
i e
(1)
From these vielbein, we can construct the d(d + 1)/2 symmetric tensors:
The full solutions in (2.26) can now be expressed as a matrix representation in terms of these boundary spacetime tensors:
where the superscripts R(n), with n = 1, 2, · · · , d(d + 1)/2, denote the n'th representation.
Note we have p i = Eδ t i , this fact can be used to make (2.29) covariant, i.e.
We now introduce the metric basis E I where the index I runs from 1 to
However, this set of basis suffers from the fact that the traceless part is not orthogonal. To rescue this representation, we follow the Schmidt orthogonalization procedure to define a new basis, which is given bỹ
This set of basis satisfies the following important orthogonal condition which is useful for computing the two-point functions
With this set of basis in hand, we can rewrite (2.30) as
(2.34)
In conclusion, the perturbative solutions can be now written in a more compact form 36) where the coefficient N (d, p) is given in appendix A; its expression depends on whether d
is even or odd. Note we have the orthonormal relation (2.33), which immediately implies
Therefore, the properly normalized graviton modes in the tensor basis are given by
It is instructive to introduce the boundary spacetime tensors
We can readily verify that
Consequently, it follows from (2.8), (2.17), (2.38) and the detail expression for N (d, p) given in appendix A, that we have, in momentum space,
The structure matches the two-point functions of the energy-momentum tensor of a ddimensional CFT in the momentum space [30] .
Configuration space
We now transform the two-point functions in momentum space (2.41) into those in configuration space. In the configuration space, we introduce two tensor operatorŝ
We then have
(2.43)
In order to compute the integrals, we use the formulae
Hence, we have
where I ijkl (x) is given by (1.4). It is convenient to introduce the purely numerical factors
, for both even and odd d. The two-point functions can be now compactly written as
48)
, for both even and odd d,
where the constant C T depends the details of a specific theory. The simplest example is Einstein gravity, and it follows from (2.7) that we have
Note that in literature, the overall factor N 2 C T of the two-point function in the configuration space is denoted as C T . In this paper, we strip off the universal purely numerical factor N 2 and introduce the dimensionful quantity C T , which is chosen as our convention to have a simple dependence on the AdS radius ℓ in the case of Einstein AdS gravity, as in (2.50).
For general massless higher-order gravities with linearized equation (2.11), we expect that C T = 16πκ eff ℓ d−1 . At the first sight, this theory-dependent expression should not be called universal; furthermore, it is expressed in terms of quantities of dual gravity rather than those of the CFT itself. However, as we discussed in the introduction, we further find a universal expression (1.5). Indeed for Einstein gravity, the holographic a-charge is
It follows that the identity (1.5) is valid straightforwardly. It should be pointed out that we have also stripped off some inessential overall purely numerical factors of the a-charge presented in literature, so that the identity (1.5) is simple, without encumbered with tedious and inessential numerical numbers. We use Einstein AdS gravity in general dimensions to set the convention for the identity. It is of interest to test this identity for more general theories. For general Ricci-polynomial gravities, it was shown [20] that the decoupling of all the massive modes implies that the linearized theory around the AdS vacua is identical to that of Einstein theory and hence the identity (1.5) is trivially valid for all these quasitopological theories. In all these cases, we have a stronger claim that C T = a. In the next three sections we shall establish the identity (1.5) with further nontrivial examples.
Einstein-Gauss-Bonnet Gravity
In this section, we consider Einstein gravity extended with the Gauss-Bonnet term in
) and the bare coupling constant α, the theory admits AdS vacuum of radius ℓ. For the flat AdS boundary, the total action is given by (see, e.g [45] ,)
where
, and (ℓ 0 , α) and ℓ are related via the equations of motion by 1
The linearized theory around the AdS vacua involves only the graviton (2.11) with [46] 
Note that in higher-derivative gravities, after setting the Newton's constant to unity, the non-trivial parameters are the bare cosmological constant and bare coupling constants of higher-order curvature invariants such as α for the Gauss-Bonnet term. When such a theory admits the AdS spacetime of radius ℓ, these constants and ℓ are related by an algebraic equation such as (3.2) from the equations of motion. In this paper, we always treat the AdS radius ℓ and the bare coupling constants as independent parameters, while solving ℓ 0 associated with the bare cosmological constant Λ 0 in terms of these independent parameters (ℓ, α) by the equation of motion such as (3.2). For the metric ansatz (2.1), the Brown-York energy-momentum tensor is given by [47] T ij = 1 8π
For the metric (2.1), the extrinsic curvature K ij is given by
Expanding K ij and K to the relevant order, we have
Before going on further, it is important to note that Trg (d) is expressed in terms of curvature tensors associated with the boundary [36] , hence we have used the fact that
for a flat boundary. Analogously, we find
With these, we conclude that
Substituting (3.6), (3.9) and (2.2) back into (3.4), we arrive at the one-point function
Hence, the two-point functions of Einstein-Gauss-Bonnet gravity are given by (2.48) and (2.49), provided that
On the other hand, the a-charge of Einstein-Gauss-Bonnet gravity in arbitrary dimensions was previously obtained, given by [38, 39] 
It is remarkably clear that the identity (1.5) is valid. In particular, when D = 5, d = 4, it was
shown that C T = c [31] . This implies that the a-charge and c-charge in a four-dimensional CFT can be simply related by
We shall confirm this identity in massless Einstein-cubic gravities as well in section 5.
It is important to note that in this paper we express the holographic a and c charges in terms of the AdS radius ℓ and bare coupling constants, such as α for the Gauss-Bonnet term.
The relation (3.13) and (1.5) hold only when these parameters are treated as independent.
Our expressions are different from those in literature. For example, in [31, 38, 39] , the charges were expressed in terms of the radius L (ℓ 0 in our notation) of bare cosmological constant, and it follows that neither the relation (3.13) nor (1.5) were manifest.
Einstein-Lovelock Gravities
The bulk action of general Lovelock gravities [16] is given by
The multi-index Kronecker delta symbol is defined as follows
We further set the bare cosmological constant and Newton's constant by
The radius ℓ of the AdS vacuum satisfies the algebraic equation [48] 
We find that the effective Newton constant of Lovelock gravity is given by
The Gibbons-Hawking surface term and the counterterms with respect to the flat boundary can be found in [48] ; they are given by
It was shown [48] that the linearized perturbation of one-point function is
where K ij (g) stands for the extrinsic curvature with respect to the metric g ij in (2.1), which can be expanded as
Hence we have
Thus we see that the two-point functions for generic Einstein-Lovelock gravities are given by (2.48) and (2.49) with
To obtain the a-charge of Lovelock gravity, we employ the trick of the reduced FG expansions developed in [32, 49] . (See also, e.g. [50] ). Considering a special class of the FG coordinates 12) where the AdS boundary is located at r = 0, we find
The bulk action is then given by
We expand f as
Following the procedure developed in [32, 49] , we have
We can then read off the a-charge:
It is easy to verify that (1.5) is again valid.
Einstein-Riemann Cubic Gravities
The crucial property in our derivation is that the linearized spectrum of the AdS vacuum involves only the massless graviton, governed by the linearized equations of motion (2.11).
Einstein gravity, Einstein-Guass-Bonnet and Einstein-Lovelock gravities clearly all have this property. In fact these theories are of two derivatives in any background. For AdS vacua, the condition can be relaxed and in this section, we consider Riemann cubic extended gravities.
The action
The bulk action of Einstein gravity extended with generic Riemann cubic invariants is
where H (3) is given by
The bare and effective cosmological constants are related by [32] 1 It is necessary to add the Gibbons-Hawking surface term to make the variation principle well defined. To do this, we define
The surface term is then given by [51] 6) where n µ , in our coordinate choice (2.1), is given by
It is important to note that in this description, Φ µ ν is auxiliary and does not involve in the variation of δg µν . We shall also need to include the appropriate counterterm so as to make the on-shell action finite. After some algebra, we find that the counterterm associated with the flat boundary is given by As we shall discuss in the next subsection, for appropriate coupling constants, the cubic theory becomes massless gravity where the massive scalar and spin-2 modes are decoupled.
In this case, we can introduce the Gibbons-Hawking surface term without needing the auxiliary field. We find
The variation of the action with respect to δg µν now requires varying all the fields in the integrand. The "1/5" factor in the surface term is analogous to the "1/3" factor in the Gibbons-Hawking term in Einstein Gauss-Bonnet gravity (3.1). Consequently, we now require a different counterterm, given by It should be emphasized that the boundary terms (5.6) and (5.8) are generally valid; on the other hand, the new boundary terms (5.9) and (5.11), which are more convenient for performing variations, are valid only for massless cubic gravities. As we shall see in the next subsection, for massless cubic gravities, the Brown-York energy-momentum tensors associated with the linear perturbations around the AdS vacuum can be derived from the two seemingly different boundary terms, and the results turn out to be identically the same. 
Two-point functions
Further specialization of the parameters can yield quasi-topological gravity [44, 53, 54] , Einsteinian cubic gravity [18, 55] or quasi-topological Ricci polynomial gravity [20] .
For this generic massless cubic gravity, a covariant Brown-York energy-momentum tensor is not available in the literature. We instead adopt the second equation in (2.4) to derive the one-point function. We substitute the flat FG expansion (2.2) into the total action with (5.1), (5.6) and (5.8). We then perform the variation associated with g (0)ij , keeping in mind that Φ µ ν should be left unvaried, we arrive at the one-point function:
Alternatively, we use the total action involving (5.1), (5.9) and (5.11) and vary all the fields associated with g (0)ij , and we find that the result turns out to be identically the same.
Having obtained the one-point function, it follows from our earlier discussions that the 
Conclusion
In this paper, we considered Einstein gravity extended with general classes of higher-order curvature invariants. For appropriate coupling constants, these theories admit the AdS vacuum of certain radius ℓ. We restrict to massless higher-order gravities where the linearized spectrum around the AdS vacuum involves only the massless graviton, satisfying the linearized equation (2.11), where the effective Newton's constant 1/κ eff is modified by the higher-order contributions.
We derived the covariant holographic two-point functions of these pure gravity theories in the AdS vacuum. We presented the results in both momentum and configuration spaces.
We first demonstrated that the two-point functions can be organized in a universal form (1.3) up to a theory-dependent constant C T . We found that C T = 16πκ eff ℓ d−1 , which is not surprising. However, we further found that this quantity was related to the holographic a-charge by a universal expression
We verified this relation, using large classes of massless high-order gravities, including quasi-topological Ricci polynomial, Einstein-Gauss-Bonnet, Einstein-Lovelock and EinsteinRiemann cubic gravities. It should be understood that the a-charge in (6.1) is given as function of the AdS radius ℓ and bare coupling constants of higher-order curvature invariants as independent variables, whilst the bare cosmological constant is solved in terms of these variables by the equations of motion.
Another intriguing observation is that the holographic c and a charges in d = 4 are related by (3.13) . It is of great interest to investigate the higher-dimensional generalization of this relation. Since we derived the relations using the holographic technique, it is of great importance to test these holographic conclusions directly in conformal field theories.
The normalization factor C can be easily determined, given by 
